Abstract. In this paper, we prove that for some Generalized Takagi Classes, in particular for the Takagi-Van der Waerden Class, the functions are nowhere differentiable if, and only if, the sequence of weights does not belong to c 0 .
Introduction
The Takagi function introduced in [15] provides an example of a continuous nowhere differentiable function (see [3] or [14] for a wide introduction to this funciton). It is usually defined by
where φ(x) denotes the distance from the point x to the nearest integer. Although it is simpler than the celebrated Weierstrass function, it is more regular than that one, in the sense that it may have infinite lateral derivatives (see [2] for a study of this matter).
From the subdifferential viewpoint, the Takagi function is also interesting since it is extremal in the following sense: it has empty subdifferential except for a countable set, where its subdifferential is R (see [11] ).
Recently, the first two authors, see [6] , have generalized the Takagi function to separable Hilbert spaces, considering arbitrary countable dense subsets D. More precisely, for the one dimensional case, they consider an increasing sequence D = (D n ) n of finite subsets of [0, 1] satisfying that D = ∪ n D n and dist(z, D n ) ≤ α n for every z ∈ [0, 1], where α = (α n ) n ∈ ℓ 1 . They define the Takagi function
where g n (x) denotes the distance from x to the set D n . They prove that these functions share with the Takagi function the following property: the subdifferential of T D is R at every point x ∈ D, meanwhile it is empty provided that x / ∈ D (see [6] ).
From the Takagi function, Hata and Yamaguti [12] introduced the Takagi Class consisting in the functions of the form
where the sequence w = (w n ) n satisfies that the series n wn 2 n converges. They proved, among other results, that the Takagi Class is a closed subspace of the space of continuous functions C[0, 1] endowed with the sup norm.
Kôno [13] studied the differentiability of the functions of the Takagi Class, proving in particular that f w is nowhere derivable if and only if w / ∈ c 0 . We may generalize the Takagi Class in the following way: we consider a countable dense subset D of [0, 1] and we assume that 0, 1 ∈ D. Let (D n ) n be a decomposition of D, that is an increasing sequence of finite sets D n and a sequence (α n ) n ∈ ℓ 1 satisfying:
The Generalized Takagi Class is composed by the functions T w : [0, 1] → R defined by
where w = (w n ) n satisfies that (w n α n ) n ∈ ℓ 1 . This generalization was introduced in [7] , where the authors prove that, under mild conditions on the decomposition, the Generalized Takagi Class is a subspace of C[0, 1] isomorphic to ℓ 1 . They also study the differentiability of the functions of the Class when the sequence of weights w belongs to c 0 , generalizing the Kôno's results in particular.
We introduce some notation. We denote by F n the family of connected components of [0, 1] D n , and by D n the set of midpoints of the intervals I ∈ F n . Finally, D will denote the union of the sets D n .
The aim of this paper is to prove that under some restrictions on the decomposition, the functions of the class are nowhere derivable provided that w / ∈ c 0 . More precisely, we will prove the following Main Theorem. Theorem 1. If the decomposition satisfies for every n that either
then T w is nowhere differentiable if and only if w / ∈ c 0 .
As in [7] it is proved that, under more general restrictions on the decomposition, T w is derivable at an uncountable set of points provided that w ∈ c 0 , this Main Theorem will follow from Theorem 21 below.
The next example of a Generalized Takagi Class, named Takagi-Van der Waerden Class, shows how wide is the range of the result that we present in this paper. Let us observe that f 2 is the Takagi function (see [15] ) and f 10 is the Van der Waerden function (see [16] ). The Takagi-Van der Waerden function is nowhere differentiable (see [1] or [4] , for instance) and the set of points at which f r has an infinite derivative is characterized in [9] . In this case, it is clear that
r n and ρ = 1. When r is even we have the situation D n ⊂ D n+1 , meanwhile the situacion D n ⊂ D n+1 arises when r is odd.
The Takagi-Van der Waerden Class is an immediate generalization of the Takagi Class. It is formed by all the functions f r,w :
where w satisfies that ∞ n=0 wn r n < +∞. As a consequence of Theorem 1, we have that f r,w is nowhere differentiable whenever w ∈ c 0 .
We proceed to introduce some definitions and results on nonsmooth analysis. For a lower semicontinuous function f : R → R we define the subdifferential of f at x, ∂f (x), as the set of real numbers c that satisfy
If we consider the Dini derivatives,
The superdifferential ∂ + f (x) of an upper semicontinuous function f at x, may be defined by the following formula:
A function f is derivable at x if and only if ∂f (x) = ∂ + f (x) = ∅. If this is the case, then ∂f (x) = {f ′ (x)}. For a quick introduction to these concepts see [5] . We end this introduction with a lemma that is probably well known, however we prove it for the sake of selfcontainess. (1) Let a n < x < b n for every n. Assume that lim n a n = lim n b n = x. If f is derivable at x, then
(2) Let x < u n < v n for every n. Assume that lim n v n = x, and lim sup n
(3) Let u n < v n < x for every n. Assume that lim n u n = x, and lim sup n
Proof. Let us prove (1). For every n we denote
We have lim n r n = lim n s n = f ′ (x). Since
Taking limits we get the result. Let us prove (2) . For every n we denote
We have lim n r n = lim n s n = f ′+ (x). Since
Taking limits we get the result. The proof of (3) is similar.
Non derivability on D
If x ∈ D, then there exists n 0 ≥ 1 (we are assuming that x ∈ (0, 1) since the study of T ′+ w (0) and
The function
has lateral derivatives at x:
Consequently, in order to study the existence of lateral derivatives of T w we may assume that x ∈ D 1 and w 0 = 0. Let x ∈ D 1 , for every n ≥ 1 we define y n ∈ D n satisfying that (x, y n ) ∈ F n . We will assume that the sequence (y n ) n is strictly decreasing. Observe that this holds when I ∩ D n+1 = ∅ for every I ∈ F n . This condition is not too restrictive, it means that between two points of D n there is always a point of D n+1 . In particular, this condition holds in the interesting case of Takagi Van der Waerden Class.
With the aim of extending Kôno's Theorem to the Takagi-Van der Waerden Class, we present an easy first result that covers this situation.
Proposition 4. Assume that the decomposition satisfies that for every n, either
Proof. We may assume without loss of generality that x ∈ D 1 and w 0 = 0. It is immediate to see that
for some k < n then the midpoint of (x, y k ) belongs to (x, y n ) and consequently, we are necessarily under the second alternative. This implies that y k+1 ∈ (x, y n ) which is a contradiction. Hence, if T ′+ w (x) exists then the series w k converges which implies w ∈ c 0 . The proof for the left derivative is similar.
We set the following lemmas in order to obtain a different kind of conditions. Lemma 5. Assume that the decomposition satisfies α n+1 ≤ ρ 1−ρ α n for every n. If x ∈ D 1 , w 0 = 0, and y n+1 < y n for every n, then
Proof. We have that
and the claim holds with δ n−1 = 1. Otherwise g n−1 (y n ) = y n−1 − y n . If g n−2 (y n ) = y n−2 − y n then
which is impossible. We deduce that g k (y n ) = y n − x for every k ≤ n − 2 which gives us the result. ≥ ρ when g n−1 (y n ) = y n−1 − y n .
Lemma 7.
Assume that α n+1 ≤ ρ 1−ρ α n for every n. Let x ∈ D 1 , w 0 = 0, and y n+1 < y n for every n. If δ n−1 < 1 and δ n < 1 then
Proof. It is enough to observe that g n (y n+1 ) = y n − y n+1 , g n−1 (y n ) = y n−1 − y n , g n−1 (y n+1 ) = y n+1 − x, and g k is linear on [y n+1 , y n ] for every k ≤ n − 2.
We denote η n := δ n w n + (1 − δ n−1 )w n−1 and we have
Hence, w ∈ c 0 .
Proposition 9. Let w / ∈ c 0 . Assume that α n+1 ≤ ρα n for every n. If x ∈ D 1 , w 0 = 0, and y n+1 < y n for every n, then T w is not right derivable at x.
where the second equality follows from Lemma 3. Hence, we have
by Lemma 5. As before, we denote
We restrict to the situation δ n−1 < 1 and δ n < 1. If we denote λ n := ∆ n − Γ n , we have that lim n λ n = 0, and λ n = w n−1 δ n−1 − y n−1 − y n − (y n+1 − x) y n − y n+1 + w n by Lemma 7. It is immediate that
and therefore |w n | ≤ |λ n | +
we have that |w n | ≤ |λ n | + δ n−1 |w n−1 | ≤ |λ n | + (1 − ρ 2 )|w n−1 |. Finally, joining all the inequalities we conclude that
which implies that w ∈ c 0 .
As similar results hold for the left derivative, we deduce the following theorem.
Theorem 10. Let w / ∈ c 0 . Assume that the decomposition satisfies that D n+1 ∩I = ∅ for every I ∈ F n , and that either ρ > 1 2 or α n+1 ≤ ρα n for every n. If x ∈ D, then T w has not finite lateral derivatives at x.
The following example shows the necessity of a condition as D n+1 ∩ I = ∅ for every I ∈ F n . Example 11. Let w / ∈ c 0 be defined as w 0 = 0, w 3k−2 = 1, w 3k−1 = −1 for every k, w 3 = −2 −1 , and w 3k = 2 −k for every k > 1. Let us consider a decomposition satisfying D 3k−2 = D 3k−1 , and
Proof. It is enough to observe that
for every z. As a consequence of the results obtained in [10] , where a deep study of the case w ∈ ℓ 1 is developed, we conclude
If L denotes the Lebesgue measure on R, the Example 20 below will illustrate how the existence of ρ ∈ (0, 1] such that L(I) ≥ ρα n for every I ∈ F n should be required in order to get the nowhere derivability of the function T w .
We may also study the subdifferential and the superdifferential. Firstly, we consider the situation in which the weights are nonnegative, without restrictions on the decomposition. We have the following result that extends the well known result for the original Takagi function (see [11] and [6] ).
Proposition 12.
Assume that w / ∈ c 0 and w k ≥ 0 for every k. If x ∈ D, then the function T w (z) − ζz has a local minimum at x for every ζ ∈ R. In particular,
Proof. If x ∈ D, there exists n 0 such that x ∈ D n0 and x / ∈ D k provided that k < n 0 . For every ζ ∈ R let n be such that
On the other hand, if |h| < 1 3 ρα n then g k (x + h) = |h| for every k, n 0 ≤ k ≤ n. Hence,
Observe that in the proof we only require that w / ∈ ℓ 1 .
Corollary 13. Assume that w / ∈ ℓ 1 and w k ≥ 0 for every k. If x ∈ D, then T w is not derivable at x.
The next results involve arbitrary sequences w, and we require that the decomposition satisfies α n+1 ≤ ραn 2 for every n. This is a mild restriction, and the functions of the Takagi-Van der Waerden Class satisfy it. Proof. For every n, we denote y n = min{y ∈ D n : x < y}. Observe that if d k ∈ D k is the midpoint between x and y k , then d k − x ≥ ρα k 2 ≥ α k+1 . This implies that g k (y n ) = y n − x provided that k < n. Hence
Now we denote x n = max{y ∈ D n : y < x}. Again, we have that if
Therefore, if ∂T w (x) = ∅ then −a ≤ a which implies a ≥ 0. w k ≤ 0.
If x ∈ D, it is possible that x ∈ D too, but if this is the situation, then x ∈ D k implies k < n 0 where n 0 is the smallest index n satisfying x ∈ D n . We may write
The function k<n0,x / ∈ D k w k g k is derivable at x, and therefore it does not modify the derivability character of T w . Hence, we may assume that x ∈ D k for every k < n 0 . We have the following results: These results allow us to immediately deduce the non derivability of T w . Anyway, observe that this result is weaker than Theorem 10.
Corollary 18. Assume that α n+1 ≤ ραn 2 for every n. If w / ∈ c 0 and x ∈ D, then T w is not derivable at x.
Hence n≥n0 w n converges, which is impossible since w / ∈ c 0 .
Nowhere derivability
We begin with an example that shows the necessity of a condition such as the existence of ρ, in order to obtain positive results. We define the function on [−1, 1] instead of [0, 1] for the sake of simplicity. 
For all n ≥ 0 we also define D 
where H n (x) = w 2n g 2n (x) + w 2n+1 g 2n+1 (x). It is immediate that, for every n,
there exists an integer n such that
Letting h to zero and therefore, n to infinity, we obtain that T ′ (0) = 0.
Example 20. If we modify Example 19, defining D + 0 = {0, 1}, we also have that T w is derivable at 0 ∈ D. Now we assume that x / ∈ D. In this section we will denote a n = max{y ∈ D n : y < x}, b n = min{y ∈ D n : x < y} and c n the midpoint of (a n , b n ).
The problem in the general situation is that we cannot control the position of the midpoints c k with respect to (a n , b n ) for k < n. This forces us to require extra restrictions on the decomposition, however they are quite mild and allow us to generalize Kono's result for the Takagi Class (see [13] ), since the natural decomposition of the dyadic numbers satisfy D n ⊂ D n+1 .
Theorem 21. Assume that w / ∈ c 0 . If the decomposition satisfies for every n that either
Proof. It is enough to prove that T ′ w (x) does not exist for every x / ∈ D since Proposition 4 gives us the result when x ∈ D. If x ∈ D we may assume without loss of generality that x ∈ D 1 and consequently that x ∈ D n for every n, since otherwise it would belong to D. If this is the case, then x is the midpoint of (a n , b n ) for every n, which implies that a n < a n+1 < x < b n+1 < b n for every n since
and consequently, we have that
by Lemma 3 since
This implies that w k converges, which is impossible. Therefore, we may assume that x / ∈ D. For every n, we have that if c k / ∈ (a n , b n ) for every k < n then
Alternatively, if c k ∈ (a n , b n ) for some k < n then c k = c k+1 = · · · = c n , since we are under hypotheses (2) necessarily, this implies in particular that
T w (a n ) − T w (a n−1 ) a n − a n−1 = n−1 k=1 w k g k (a n ) − g k (a n−1 ) a n − a n−1 = n−1 k=1 w k g ′ k (x) and x − a n−1 a n − a n−1 = x − a n a n − a n−1 + 1 ≤ α n ρα n + 1 = 1 ρ + 1.
If T ′ w (x) exists, then taking u n = b n or a n , and v n = a n , b n−1 or a n−1 accordingly, invoking Lemma 3, we have that
which is a contradiction.
This theorem covers the Takagi-Van der Waerden Class that we introduced in Example 2, but it also includes a more general situation appearing in the following example.
Example 22. Let us consider r r r = (r n ) n ⊂ N an strictly increasing sequence where r n divides r n+1 for every n and r 1 = 1. We define the function f r r r : [0, 1] → R as follows If we define the functions f r r r,w in the same way as in the Example 2, we have that these functions are nowhere differentiable whenever w ∈ c 0 .
Proof. It is immediate to see that D n = {kr −1 n ∈ [0, 1] : k ∈ Z}, α n = 1 rn and ρ = 1. We may write r n+1 = β n r n . If β n is even then we have the situation D n ⊂ D n+1 , meanwhile if β n is odd we obtain that D n ⊂ D n+1 . Thus we have a decomposition which satisfies the conditions described in Theorem 21.
Remark 23. If ρ = 1 then there exists a r r r as above, such that T w = f r r r,w .
When the weights are nonnegative we do not require any restriction on the decomposition, let us see it.
Theorem 24. If w / ∈ c 0 , w k ≥ 0 for every k, and x / ∈ D, then ∂T w (x) = ∅.
Proof. We denote a n < x < b n satisfying a n , b n ∈ D n , (a n , b n ) ∈ F n as usual. We have
